The dynamics of the substitution process for mammalian mitochondrial DNA have been modeled. The temporal behavior of several quantities has been studied and the model's predictions have been compared with estimates obtained from recent mtDNA sequence data for an increasingly divergent series of primates, the mouse and the cow (Anderson et al. 1981, Bibb et al. 1981. The results are consistent with the hypothesis that the decrease in the proportion of transitions observed as divergence increases is a consequence of the highly biased substitution process. In addition, the results support the hypothesis that, although a portion of the mtDNA molecule evolves at an extremely rapid rate, a significant portion of the molecule is under strong selective constraints.
Introduction
The mitochondrial DNA (mtDNA) genome of animals is rapidly becoming one of the best-characterized regions of the eucaryotic genome. The complete molecule (approximately 16,500 base pairs [bp] in mammals) has been sequenced for an individual human, house mouse, and cow (Anderson et al. 198 I, 1982; Bibb et al. 198 1) . Portions of the molecule have also been sequenced for six additional humans (Walberg and Clayton 198 1; Greenberg et al. 1983 ) several individual rats (e.g., Sekiya et al. 1980 , Brown et al. 1981 Grosskopf and Feldmann 1981a, 1981b; Kobayashi et al. 1981; Saccone et al. 1981; Brown and Simpson 1982; Koike et al. 1982; Wolstenholme et al. 1982) , and a series of increasingly divergent primates .
Comparisons of these mtDNA sequences have revealed several fascinating new features of sequence variation and evolution and have confirmed others which were predicted by earlier heteroduplex DNA melting and restriction map studies of mtDNA from a variety of organisms (e.g., Upholt and Dawid 1977; Brown et al. 1979; Avise et al. 1979; see Avise and Lansman [ 19831 and Brown [1983] for recent reviews). Some of the more interesting findings are that (1) among vertebrates, and particularly mammals, there is a surprising conservation of the arrangement of genetic material; (2) although certain regions of the mtDNA genome evolve faster than others, there are no large conserved blocks; (3) mtDNA diverges very rapidly among closely related individuals and species, yet the amount of divergence appears to plateau at approximately 30% after 20-40 million years (Myr); (4) substitution pathways are strongly biased in favor of transitions (purine [A, G] to purine or pyrimidine [C, T] to pyrimidine substitutions) in comparisons among individuals within a species, yet comparisons of divergent mtDNA sequences (e.g., between mouse and cow) show a much smaller bias favoring transitions; and (5) this transition bias is seen in noncoding regions as well as regions coding for proteins, ribosomal RNAs, and transfer RNAs.
Several mathematical models of the substitution process at the nucleotide level have been proposed for the purpose of correcting for multiple substitutions at the same nucleotide site when estimating the rate of substitution per nucleotide site (see Brown et al. [ 19821 and references in Kaplan [ 19831) . Since mtDNA sequence data are now available for a series of species that have sufficiently different divergence times, it is possible to determine how well these models predict the temporal behavior of quantities which describe aspects of the dynamics of the substitution process. In this paper we study the temporal behavior of the predicted values of several quantities and examine how well these predictions agree with estimates obtained from recent mammalian mtDNA sequence data.
Analysis

Basic Model
Changes at the nucleotide level can occur by base pair substitution, insertion of nucleotides, deletion of nucleotides, or structural rearrangement. For the latter three phenomena, no reasonable mathematical models have been developed, and so they will not be considered. In addition, except for the D-loop region, they play a relatively minor role in the evolution of mammalian mtDNA (Brown 1983) .
The substitutional process for a particular nucleotide site is usually modeled by a continuous-time, four-state Markov chain (see Kaplan [ 19831 and references therein) . For mathematical convenience it will be assumed that a nucleotide site is in state 1, 2, 3, or 4 if it is an A, G, C, or T, respectively. This labeling differs from that which is used customarily.
Let qii denote the instantaneous rate of change from state i to state j, i # j, and set qii = -Ci+i 40. The qo do not change over time, and so the rates of base pair substitution are constant. It follows from the theory of Markov processes (Karlin 1969 ) that the matrix Q = (qu)i<ij<d contains all the information needed to construct the process except the initial frequencies of the four states (i.e., the ancestral base composition). For the purposes of this paper, these frequencies are assumed to be the stationary ones. Let p = (pl, p2, p3, p4) denote the stationary probabilities. It is known (Karlin 1969 ) that p satisfies pQ = 0.
(1)
Since many of the models that have been proposed in the literature are special cases of Kimura's ( 198 1 ) six-parameter model, it will be assumed in this paper that Q is of the form
where a, al, ~2, p, PI, and p2 are positive parameters. The number of parameters cannot be reduced by assuming that al = a2 and /3i = p2 since this would imply that p1 = p2 and p3 = p4. These latter equalities, however, are not consistent with the data (Brown 1983) . Suppose two homologous sequences diverged t years ago. We define ho(t) = probability that a nucleotide site is in state i in the first sequence and state j in the second sequence;&(t) = ho(t) + hii( D(t) = probability that a nucleotide site is in different states in the two sequences; and T(t) = probability that a nucleotide site is in the transitional state, given that it is in different states in the two sequences. A nucleotide site is said to be in the transitional state if the nucleotide site is in different states in the two sequences and the two states of the nucleotide site belong to the sets ( 1, 2) (purines) or (3, 4) (pyrimidines). In view of the definitions of D(t) and T(t), their trajectories will be called the divergence and transition curves.
It follows from the properties of the Markov process that Jj(t), D(t), and T(t) satisfy the following relationships:
where PO(t) is the probability that t years after divergence a nucleotide site is in state j, given that it was initially in state i. To compute_&(t), D(t), and T(t) for any particular set of parameter values, it is sufficient to compute the PO(t). Details of how the Pu(t) are computed are given in the Appendix. Since Jj( t) --) 2pipj as t -00, one implication of the formulas for D(t) and T(t) is that, for large values of t,
Thus, the asymptotic values of o(t) and T(t) can be calculated when only the pi are known. The expressions on the right in equations (5) and (6) will be denoted by D(a) and T(co), respectively.
Data
Recently, sequenced a homologous mtDNA segment of approximately 896 bp from five different mammalian species: human, chimpanzee, gorilla, orangutan, and gibbon. This region, which contains the genes for three transfer RNAs and parts of two proteins, had previously been sequenced in another human 426 Aquadro, Kaplan, and Risko (Anderson et al. 1981 ), a cow (Anderson et al. 1982) , and a mouse (Bibb et al. 1981) . Because of insertions and deletions, the region was not the same length in all species. We have deleted from the analysis the eight nucleotide sites involved in this length variation, and we focus on the remaining 892-bp segment.
There is independent evidence (Sarich and Wilson 1967; Brown et al. 1979 ) suggesting that chimpanzee, gorilla, and human diverged about 5 Myr ago; orangutan and human 8 Myr ago; gibbon and other primates 10 Myr ago; and the primates, mouse, and cow 80 Myr ago. Hence, one can obtain estimates OfJj(Z), o(t), and T(t) from these mtDNA sequence data for four different divergence times: 5, 8, 10, and 80 Myr. These estimates are given in table 1. The estimates ofJj(t), D(t), and T(t) from the comparison of the two human mtDNA sequences were not included in our analysis since only two nucleotides differed between these sequences (both differences were, however, transitions). The estimate of T(t) at this low level of divergence is of limited use since it can only take on the values 0, 0.5, or 1 .O.
Divergence Dynamics
Several reasonable estimates of the pi are given in table 2. The associated predictions of D(co) and T(cc), which are also given in table 2, are in the vicinity of 0.72 and 0.32, respectively. The estimate of D(t) at 80 Myr is 0.3 1 (table l), suggesting that the divergence curve continues to increase after 80 Myr to a value more than twice its value at 80 Myr. This large amount of additional divergence is surprising, especially since comparisons of mouse and Drosophila yakuba for two other coding regions show only 57% and 49% divergence after 600 Myr (Clary et al. 1982) .
A possible explanation for the additional predicted divergence is that the estimates of the pi are inaccurate. However, the plot in figure 1 shows that for the prediction of D(co) to be smaller than 57%, for example, it is necessary that one of the pi be greater than 0.47. Since this extreme condition is not approached in any extant mammalian mtDNA sequence, errors in the estimation of the pi seem an unlikely explanation for the large prediction of @co).
An alternative hypothesis to account for the difference between the estimate of o(t) at 80 Myr and the prediction of D(co) is that only a portion of the region compared is free to change, whereas the remaining sites are under strong selective constraints. If g denotes the fraction of the 892 sites that are not free to undergo substitution (invariable sites), then the number of sites that can change (variable sites) is 892( 1 -g). It follows that the denominator of the estimates of o(t) andJj(t) is too large. Thus, the estimates need to be inflated by the factor l/( 1 -g). Estimates of T(t) do not have to be adjusted since the number of sites that cannot change does not enter into their computation. Rather than manipulate the data, we have chosen to adjust the predicted values of o(t) and JJt) by multiplying them by the factor 1 -g.
The number of nucleotide sites that are in the same state in all eight sequences (unvaried sites) is the sum of the number of invariable sites (892g) and the number of variable sites that are identical in the eight sequences by chance. Since the observed number of nucleotide sites that are unvaried is 444, an upper bound on g for these data is 0.497 (444/892). If the number of unvaried sites that occur by chance is small, then the value of g should be in the vicinity of 0.497. Six parameters must be specified in order to compute the Jj(t), D(t), and T(t) for finite time points. An essential restriction on Q is that it satisfies equation (1). Thus if i is an estimate of p, it is reasonable to choose Q so that iQ = 0. Since there is no way to identify those nucleotide sites that are unvaried by chance, the estimates of the pi, unless otherwise stated, are based on the entire 892-bp fragment (table 2) . The constraint fiQ = 0 leads to three equations, leaving three parameters to be determined. The subset of the parameter space to which these parameters were restricted was determined in the following way. It was not clear a priori how changes in the elements of Q affect&(t) and o(t). Hence The value of D'(0) was varied from 0.0 l/( 1 -g) to 0.06/( 1 -g) in increments of 0.01, and T(O) was varied from 0.85 to 0.99 in increments of 0.01. These values were chosen to bracket those considered realistic for mammalian mtDNA Aquadro and Greenberg 1983; Brown 1983) . Finally, for each value of D'(0) and T(O), the remaining parameter (chosen for convenience to be al) was allowed to vary over all its possible values.
For each value of g ranging from 0.0 to 0.5 in increments of 0.1, and for each set of the six parameter values, the sum of squared differences (SSD) was computed between the estimates ofJj(t), D(t), and T(t) and the adjusted predicted values. In addition, a 99% confidence interval for the number of unvaried sites was determined (see Appendix).
Since the values of g associated with the 30 parameter sets having the smallest SSD were 0.4 or 0.5, the calculations above were repeated for values of g ranging from 0.4 to 0.5 in increments of 0.01. In figure 2a , the Q matrix is given for the model having the smallest SSD and whose 99% confidence interval for the number of unvaried sites (441.9,467.8) contains 444. Plots of ( 1 -g)o(t) and T(t) corresponding to this Q matrix are presented in figure 2b , and the predicted values of the (1 -g)fij(t) are given in table 1. The value of g for this model is 0.48, and the SSD is 0.0337. Four sets of parameter values led to slightly smaller SSDs (0.03 18-0.0329), but their 99% confidence intervals did not contain 444. The values of g for these models were either 0.49 or 0.50. It is worth noting that for g = 0.0 the smallest SSD was 0.0587, and the associated 99% confidence interval was (336.9,4 12.8). The predicted trajectories of ( 1 -g)D(t) and T(t) in figure 2b are reasonably close to the data, as are the predicted values of (1 -g)Jj(t) (table 1). The values of (1 -g)D'(O) and T(O) for the model are 0.038 and 0.89, respectively.
In calling nucleotide sites invariable, we refer only to the time frame of divergence over which we have sampled sequences (80 Myr). It seems reasonable to assume that selective pressures may change over time, and that sites that were at one time invariable may be released from selective constraint due, for example, to substitutions at neighboring sites (in essence, the nucleotide analogy of the covarion hypothesis of Fitch and Markowitz [ 19701) . Likewise, sites we now see as invariable could have been variable at some distant time.
A distinguishing feature of the Q matrix in figure 2a is the strong transition bias, that is, when a substitution occurs, the probability is much larger that it will be a transition than a transversion. In fact, this transition bias was a property of every Q matrix examined whose 99% confidence interval contained the observed number of unvaried sites (444).
To examine the sensitivity of our results to different choices of the j?i, the analysis above was repeated for the other estimates in table 2. Calculations not given here show that for this range of the p^i the SSD is not substantially reduced and that the models having the smallest SSD are qualitatively the same in their predictions and general features. A substantially poorer fit to the data, particularly the j&t), results ifp, =p2 =p3 =p4 = 0.25 as required by many simpler models (e.g., Jukes and Cantor 1969; Kimura 1980) . Two additional parameters were introduced to accommodate the observation that certain nucleotide sites evolve faster than others. It was assumed that a fraction, f; of the nucleotides are evolving L times as fast as the remaining nucleotides. The Q matrix for this model is Q'@ = (fL + 1 -f)Q, where Q is the associated matrix for the usual model. Calculations not given here show that the SSD is not substantially reduced by enlarging the parameter space in this fashion.
The effect of errors in the estimates of the divergence times was also examined. The results are robust to errors in the largest divergence time (80 Myr) so long as it remains large relative to the other divergence times. The relative differences among the early times are generally believed to be correct (Andrews 1982; Andrews and Cronin 1982) . However, their precise ages may be in error. Decreasing the divergence times acts to force up the rate of substitution and so makes it more difficult for unvaried variable sites to occur by chance. The resulting estimates of g are therefore very close, if not equal, to 444/892. In contrast, increasing the early divergence times decreases the rate of substitution and so makes it easier for unvaried variable sites to occur randomly. The estimates of g can thus be much smaller than 444/892. Nonetheless, the Q matrices associated with the models having a small SSD always show a transition bias.
Discussion
Our analysis supports the hypothesis that a substantial fraction (0.45-0.49) of the mammalian mtDNA segment examined is under strong selective constraints, and thus the rate of substitution at these sites is negligible. The nature of the constraints clearly varies over the mitochondrial genome. For example, constraints apparently related to their secondary structures exist for transfer RNAs. The striking uniformity of the location of conserved regions over the 22 mitochondrial transfer RNAs supports these secondary structure arguments (see esp. Anderson et al. 1982; . Of the 195 nucleotides constituting the three transfer RNA genes in our comparison, 69% are conserved over the lineages leading to the six primates, mouse, and cow.
The remaining 697 nucleotides of the sequences examined in this paper represent portions of genes for two putative proteins. Among the primate, cow, and mouse sequences, 5 1% and 6 1% of the first and second codon positions, respectively, are conserved, whereas only 16% are conserved in the third position sites over all lineages. Presumably this pattern reflects the degeneracy of the genetic code and a higher rate of silent rather than replacement nucleotide substitutions (Bibb et al. 198 1; Anderson et al. 1982; Brown and Simpson 1982; Miyata et al. 1982) .
The apparent plateau of divergence at 30%-40% in mtDNA melting studies (see Brown et al. 1979 ) and direct comparisons of the complete sequences of human, mouse, and cow (Anderson et al. 198 1, 1982; Bibb et al. 198 1) suggest that the evolutionary dynamics observed for this 892-bp segment are reflective on average of the whole mammalian mitochondrial genome. Thus, it appears reasonable to extend the general conclusion of substantial constraints to the entire mammalian mitochondrial genome.
The Q matrix in figure 2a is representative of those parameter sets whose predictions (adjusted for invariable sites) are consistent with estimates ofA,( o(t), and T(t) (table 1 and fig. 2b) . A notable consequence of the structure of this matrix is that, when a substitution occurs, it is far more likely to be a transition than a transversion. The temporal predictions of T(t) for this model thus decrease in time, sup porting the hypothesis Holmquist 1983 ) that the decrease in the proportion of transitions observed in pairwise comparisons of increasingly divergent sequences is a consequence of the strong substitution bias favoring transitions and does not reflect temporal changes in the underlying substitution process over time. Inferences about the Q matrix based on sequences representing unknown times since divergence can therefore be misleading. For example, comparisons of partial sequences of mtDNAs from three related species of Drosophila reported by Clary et al. (1982) reveal that only 46% of the differences are transitions. Since we do not know how long these three sequences have been evolving independently from a common ancestor, it may be incorrect to conclude that there is not a major transitional bias in Drosophila. That is, if the three Drosophila species have been evolving as separate mtDNA lineages for a long period of time, any bias strongly favoring transitions may have eroded away in the observed divergence in the same way that it has in the primate comparisons of Clary et al. [ 19821) . In contrast to the Drosophila data, the gibbon mtDNA sequence examined in this paper differs from that of human, chimp, gorilla, and orangutan at 9.8% of its nucleotides, yet 9 1.5% of these differences are transitions . More intraspecific mtDNA sequence comparisons are clearly needed to assess the phylogenetic distribution of the transition bias and to test the generality of our results.
